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We present an easy, efficient and fast method to generate arbitrary linear combinations of light
orbital angular momentum eigenstates ℓ = ±2 starting from a linearly polarized TEM00 laser beam.
The method exploits the spin-to-orbital angular momentum conversion capability of a liquid-crystal-
based q-plate and a Dove prism inserted in a Sagnac polarizing interferometer. The nominal gener-
ation efficiency is 100%, being limited only by reflection and scattering losses in the optical compo-
nents. When closed paths are followed on the polarization Poincare´ sphere of the input beam, the
associated Pancharatnam geometric phase is transferred unchanged to the orbital angular momen-
tum state of the output beam.
PACS numbers: 42.79.-e, 42.50.Tx
I. INTRODUCTION
In recent years a great deal of effort has been de-
voted to the creation and manipulation of paraxial op-
tical beams which are eigenstates of the orbital angular
momentum (OAM) [1]. This kind of beams are promis-
ing for a wide range of applications, both in the classi-
cal and quantum regimes of light, thanks to the multi-
dimensionality of their space [2–5]. In many practical
cases, the OAM space is however restricted to the oℓ sub-
space spanned by a pair of opposite OAM eigenvalues±ℓ.
This bidimensional optical subspace is then isomorphic
to the standard polarization space, that is the space of
the spin angular momentum (SAM) of light. A standard
geometric representation of any polarization (or SAM)
state of light is provided by the well known Poincare´
sphere. In particular, the spin s = ±1 eigenvalues are
usually mapped onto the poles of Poincare´ sphere and
correspond to left- and right-handed circular polariza-
tions, while their equal-weight linear combinations are
mapped along the equator circle and correspond to dif-
ferently oriented linear polarizations. The other points
on the sphere describe arbitrary elliptical polarizations.
Analogously, any state in a given oℓ subspace can be
represented as a point on a OAM Poincare´ sphere [6].
The OAM eigenvalues ±ℓ may again be mapped onto
the poles of this sphere and correspond to Laguerre-
Gauss (LGℓ) transverse modes, while equal-weight linear
combinations are mapped along the equator circle and
correspond to differently oriented Hermite-Gauss (HGℓ)
modes [7]. By this geometrical representation, an one-
to-one correspondence is established between the SAM
space and oℓ subspace, for any ℓ. In the following, we
label the axis joining the right (R) and left (L) circular
polarizations states on the Poincare´ sphere as the z-axis,
and the axis joining the vertical (V ) and horizontal (H)
polarization states as the x-axis. The photon SAM can be
manipulated easily by polarizers and birefringent plates.
It is well known that sequences of quarter-wave plates
(QW) and half-wave plates (HW) oriented at suitable
angles can change any given polarization state into an-
other state at will [8, 9]. Moreover, electro-optical devices
can be used to make such light polarization manipulation
very fast. No so simple and fast devices are available for
manipulating the light OAM. Cylindrical lens converters
and Dove prisms can simulate the behavior of QW and
HW wave plates in the oℓ space [10], but these devices
are difficult to be aligned and cannot be used to manip-
ulate OAM very quickly. Moving along continuous paths
on the OAM Poincare´ sphere by means of these devices
would require very careful control and precise mechan-
ics. Recently, a new device, the q-plate (QP) has been
introduced which is able to transfer the SAM state of
the beam to the o2 subspace [11, 12]. The QP is a bire-
fringent plate made of liquid crystals (LC) azimuthally
aligned so that the local optical axis has a topological
charge q = 1 in the center of the plate. When a left-
(right-)circularly polarized light beam traverses the QP,
a topological charge 2q is transferred into its phase and
the beam thus acquires an OAM ℓ = 2 (ℓ = −2). Being
cylindrically symmetric, the QP cannot exchange angu-
lar momentum and the OAM gained by the beam is bal-
anced by a corresponding variation of its SAM. The net
effect is a spin-to-orbital angular momentum conversion
(STOC). The STOC process is complete only if the QP
is “tuned”, i.e. only if its birefringent retardation is half
wavelength. Tuning of LC-based QPs can be achieved
changing temperature [13], pressure on the q-plate, or
applying an external electrical field. The STOC process
is coherent and it can be used to transfer complete qubit
information from the SAM to the OAM degree of free-
dom at the single photon level [14]. The STOC efficiency,
i.e. the fraction of photons (or optical energy) that is ac-
tually converted can ideally reach 100%, when reflection
and scattering losses are neglected [15]. In a previous
work, we showed that it is possible to achieve efficiencies
2exceeding 90% by controlling the QP temperature [13]. A
very appealing use of the STOC process is that of exploit-
ing the easy and fast control that we have on the light
polarization degree of freedom for controlling the OAM
degree of freedom. By using STOC, cylindrical lens mode
converters and Dove prisms can be conveniently replaced
with birefringent plates and electro-optical cells.
The aim of this work is to demonstrate the easy and
efficient control on the OAM of a light beam that is at-
tainable via the STOC process. Arbitrary and continu-
ously controllable linear combinations of LG2 modes have
been generated in a very simple way and with efficiency
exceeding 90% by manipulating the input beam polariza-
tion. Our method provides a highly efficient tool that, for
example, can be advantageously used to create photonic
qudits involving both SAM and OAM degrees of free-
dom, thus enlarging the amount of information carried
by single photons. The use of qudits instead of qubits
may for example lead to simplifying quantum computa-
tions [16, 17] and improving quantum cryptography [18].
Having a versatile and fast way to handle single pho-
ton OAM, besides, will help implementing quantum logic
schemes based on the single-photon multi-qubit (SPMQ)
coding, where several qubits can be encoded in different
transverse modes of one photon [19].
FIG. 1. (Color online) Experimental setup for generating
polarization-controlled linear combinations of LG2 beams.
Legend: QHQH - set of waveplates to control the beam po-
larization; PR - polarization rotator; PBS - polarizing beam-
splitter; DP - Dove prism; M - mirror.
II. EXPERIMENTAL SETUP
Our experimental setup is shown in Fig. 1. The
polarization of the light beam entering the QP
is controlled by the QHQH waveplate sequence
QW(90◦)HW(−γ/4)QW(0◦)HW(90◦+δ/4), where in
parentheses there are the orientation angles of each plate
counted from the horizontal plane. As it can be easily
shown, this sequence of waveplates applies to the input
polarization state first an SU(2) transformation consist-
ing of a rotation of angle γ around the y-axis of the SAM
Poincare´ sphere and then a rotation of an angle δ around
the z-axis. After this QHQH set, we inserted a tuned
QP, a polarization rotator (PR) of 45◦ [20] and a Sagnac
Polarizing Interferometer (SPI). In the SPI, a Dove prism
rotated by 11.25◦ from the horizontal plane was inserted.
The QP, PR, and SPI are the heart of our apparatus, be-
cause they realize the required mapping [21]
(α|L〉+ β|R〉)|0〉 → (α|2〉+ β| − 2〉)|D〉 (1)
where |L〉, |R〉, |H〉, |V 〉, |D〉, |A〉 denote the right-
circular, left-circular, horizontal, vertical, diagonal,
and anti-diagonal polarization states, respectively, and
|ℓ〉, with integer ℓ, denotes the OAM eigenstate with
eigenvalue ℓ. It is worth noting that our apparatus
works in any basis. For example, it also realizes the
mapping (α|H〉 + β|V 〉)|0〉 → (α|h〉 + β|v〉)|D〉, where
|h〉 and |v〉 denote the HG2 modes corresponding to the
linear polarization states H and V respectively. The
detailed operation of our apparatus is the following. Up
to a global phase factor, the action of a tuned QP on
the elliptically polarized TEM00 (ℓ = 0) input beam is
given by
(α|L〉+ β|R〉)|0〉 Q̂P→ α|R, 2〉+ β|L,−2〉
=
1√
2
[|H〉(α|2〉 + β| − 2〉)− i|V 〉(α|2〉 − β| − 2〉)] (2)
The radial modes are factorized out and can be omit-
ted [22]. From Eq. (2) we see that insertion of a linear
polarizer after the QP would already select the desired
linear combination of LG2 and LG−2 modes (or |2〉 and
| − 2〉 states), but this would also reduce the maximum
conversion efficiency to 50% [14]. The polarizing Sagnac
interferometer scheme shown in Fig. 1 allows one to in-
crease the theoretical efficiency to 100%. The Sagnac
interferometer is made up of a polarizing beam splitter
(PBS) and three mirrors (M). The H- and V -polarized
components of the beam emerging from the q-plate are
initially separated by the PBS and travel through the in-
terferometer in opposite directions until they are recom-
bined on exit by the same PBS. Equal optical paths of
the counter-propagating beams render this interferome-
ter particularly noise-insensitive, thus removing the need
for active control of the interferometer length [23]. The
reflection in the Dove prism tilted at angle θ adds a phase
factor e2iℓθ to the OAM eigenstate |ℓ〉 and changes |ℓ〉
into |− ℓ〉. In our case, moreover, because of the counter-
propagation, the H-polarized beam sees the Dove prism
tilted at angle θ and the V -polarized beam sees the Dove
prism tilted at angle −θ. In order to calculate the overall
effect of the Sagnac interferometer we must add to the
action of the Dove prism the action on the OAM value
of the three mirrors and PBS. The mirrors and PBS add
an odd number of reflections to both the counterpropa-
gating beams, so that the final value ℓ of the OAM af-
ter the Sagnac interferometer is the same as in the im-
put beam. With the substitutions |H, ℓ〉 → e2iℓθ|H, ℓ〉,
|V, ℓ〉 → e−2iℓθ|V, ℓ〉, and setting θ = π/16 in Eq. (2) we
obtain, up to a phase factor, the state after the Sagnac
interferometer as
(2)→ ψout = |D〉(α|2〉 − iβ| − 2〉), (3)
We see that the resulting beam is fully polarized, and
that its OAM content is a linear combination of LG±2
3modes with coefficients uniquely related to α and β.
Thus, we succeeded to realize one-to-one mapping of the
input SAM state onto the output OAM state, but not yet
the wanted one, given by Eq. (1). The phase difference of
π/2 between the two terms on the right of Eq. (3) must
be eliminated. This is accomplished by means of the PR
located before the PSI, which introduces a retardation of
π/2 between the circular polarization components of the
input beam.
III. SAM-TO-OAM MAPPING AND
DETECTION OF PANCHARATNAM
GEOMETRIC PHASE
To show the flexibility of our apparatus in manipulat-
ing the light OAM, we performed a set of measurements
in which we slowly modulated the polarization of the in-
put TEM00 beam in order to drive the state of the out-
put beam along a predetermined trajectory on the OAM
Poincare´ sphere. In this way, arbitrary states in the o2
subspace were easily and continuously generated start-
ing from a TEM00 laser beam. The power conversion
efficiency from TEM00 H-polarization to o2 modes was
found to exceed 90% for all o2 modes. This efficiency is
larger than the maximum typically obtainable (≃ 70%)
with blazed holograms. In our experiments, we measured
the OAM content of the output beam in several points on
the Poincare´ sphere by recording the intensity profile and
the pattern obtained by interference with a D-polarized
TEM00 mode as reference beam. For the sake of brevity,
the interferometric apparatus adopted to record such in-
terference patterns has not been reported in Fig. 1. The
results are shown in Figs. 2-5.
FIG. 2. (Color online) Trajectory along the equator of the
Poincare´ sphere. H is the starting and ending point of the
closed path. a) Intensity profiles of generated beams corre-
sponding to differently rotated HG2 modes. (b) Correspond-
ing interference patterns with a D-polarized TEM00 reference
beam. As the state travels along the equator both the in-
tensity and interferogram patterns rotate through an angle
between 0◦ and 90◦.
In the measurements we used a 532 nm TEM00 H-
polarized laser beam and a home made LC q-plate ther-
mally tuned to optimum STOC. The details about the
FIG. 3. (Color online) Trajectory along a meridian of the
Poincare´ sphere.(a) Intensity profiles of generated beams cor-
responding to different linear combinations of LG±2 modes.
(b) Corresponding interference patterns with a D-polarized
TEM00 reference beam.
q-plate and the tuning system have been reported else-
where [13]. In Fig. 2 there are shown the intensity pro-
files and interferograms of the HG2 modes represented by
the points located on the equator of the OAM Poincare´
sphere. The modes shown in Fig. 2 were generated fixing
to 0◦ the axis of the first HW-plate in the QHQH device
and rotating the axis of the second HW-plate from 90◦
to 180◦. The input polarization state circulated along
the equator of the SAM Poincare´ sphere starting from
|H〉, i.e. γ = 0 and 0 ≤ δ ≤ 2π, denoted by the point H
on the sphere. The rest of the apparatus, implementing
Eq. (1), mapped the equator of the SAM sphere into the
equator of the OAM sphere, which represents a contin-
uous sequence of HG2 modes whose transverse intensity
and phase distributions linearly rotate clockwise from 0◦
to 90◦ (Fig. 2(a) and (b) respectively), the global phase
being π-shifted over the closed path (see Fig. 5(a)). Such
a phase shift over the cycle was inferred comparing the
intensity profiles of the fringe patterns along the trans-
verse direction of both the initial and the final states,
represented in Fig. 5(a) by a dashed and a continuous
lines respectively. Of course, when the initial state of the
input beam is represented by a point located outside the
equator, i.e. γ 6= 0 on the Poincare´ sphere, the rotation
of the axis of the second HW-plate in the device QHQH
from 90◦ to 180◦ will yield into a variation of δ from 0 to
2π. This amounts to drive the OAM state along a parallel
on the Poincare´ sphere. Analogously, the modes repre-
sented by the points located along a meridian trajectory
on the OAM Poincare´ sphere were produced fixing δ = 0
and driving γ from −π/2 to +π/2 in the QHQH device,
i.e. rotating the axis of the first HW-plate in the QHQH
device from +22.5◦ to −22.5◦. In Fig. 3, it is shown the
continuous passage from the LG2 mode, i.e. doughnut
intensity and down-fork interferogram, to HG2 mode ro-
tated by 45◦, crossing the equator, till to LG−2 mode,
i.e. doughnut intensity again and up-fork interferogram.
There were reported also the field distributions of the
modes corresponding to points located along a merid-
ian at intermediate positions between the poles and the
4equator.
On the grounds of the previous two experiments, it
is clearly possible moving between two arbitrary OAM
states passing through a continuous series of states rep-
resented by the points of suitable arcs of parallels and
meridians. Furthermore, in principle, any path connect-
ing two arbitrary points on the Poincare´ sphere could be
actually realized rotating simultaneously both the HW-
plates in the QHQH device in order to approximate as
better as possible the path by a polygonal chain consist-
ing of small arcs of parallel and meridians. Finally we
exploited this general feature in a simple case, to drive
the OAM state along a closed path L→ H → A→ L on
the Poincare´ sphere (see Fig. 4), hinged on the north pole
L. Therefore, starting from the state |2〉 (point L in the
figure), we rotated the first HW-plate from +22.5◦ to 0◦,
the second HW-plate being fixed at 90◦. After this oper-
ation, the OAM state turns to be |h〉 (point H in the fig-
ure). Then, the first HW-plate being fixed at 0◦, the sec-
ond HW-plate was rotated from 90◦ to 112.5◦, producing
the OAM state |a〉 = (|h〉+ |v〉)/√2 (point A in the fig-
ure), which is the HG2 mode corresponding to the linear
polarization state |A〉. Finally the path was closed main-
taining the second HW-plate fixed at 112.5◦ and rotating
the first one from 0◦ to +22.5◦. In Fig. 4 there are shown
some intensity profiles and interferograms corresponding
to the closed path considered. As inferred from the inter-
ferograms corresponding to the north pole in the initial
and final states, closing the path results in the multipli-
cation by a Pancharatnam geometric phase [24]. The ob-
FIG. 4. (Color online) A possible closed path over the OAM-
Poincare´ sphere. The path L → H → A → L starts and
ends at the north pole, which associated to | + 2〉. H is the
point associated to |h〉 and A is the point associated to |a〉.
(a) Intensity profiles of the generated beam at different points
of the path. (b) Corresponding interference patterns with a
TEM00 D-polarized reference beam.
served fringe shift due to Pancharatnam geometric phase
over a cycle is shown in Fig. 5(b). The global phase shift
suffered by the state over the cycle L → H → A → L
is π/4, as argued from Fig. 5(b). The intensity profiles
of the fringe patterns along the transverse direction have
been reported for both the initial and the final states si-
multaneously, caring about the maintenance of the same
origin for the transverse coordinate in both the patterns
for comparison. Dashed and continuous lines show the
fringes related to the initial and final states, respectively.
In Fig. 5 there have been reported both the phase shift
related to the circulation along the equator (a) and that
related to the circulation along the path L→ H → A→
L (b). As expected, in both cases it was found a phase
shift equal to half the solid angle subtended by the path
on the OAM Poincare´ sphere [26]. The geometrical phase
acquired by a light beam when the OAM state is moved
along a closed path on the Poincare´ sphere was observed
some time ago [25]. However, in this experiment the light
OAM content was changed discontinuously having the
beam pass through a sequence of fixed Dove prisms and
cylindrical lens converters. In the present case, the beam
OAM was changed adiabatically and the phase continu-
ously monitored along the path. Let us notice that the
Pancharatnam geometric phase is already present when
we close the state path on the SAM Poincare´ sphere of the
input beam. One of the issues of our experiment is there-
fore the demonstration that the STOC process is able to
coherently transfer global phase shifts, such as geomet-
ric phase shifts, from SAM to OAM degree of freedom.
Any path on SAM Poincare´ sphere is mapped by Eq. (1)
into a corresponding path on linearly D-polarized OAM
sphere. This feature allows for phase measurements with
constant fringe visibility along any path, in particular
along a closed path, which is impossible in experiments
on Pancharatnam phase based on polarization only [26].
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FIG. 5. Interference patterns for two different closed trajec-
tories on the Poincare´ sphere. (a) Circular path along the
equator, as shown in Fig 2. In this case, there is a π change
in the phase when the path is closed. (b) Path shown in Fig 4.
In this case there is a π/4 change in the phase when the path
is closed. Dashed and continuous lines show the fringes of the
initial and final states, respectively.
IV. CONCLUSIONS
In conclusion, we exploited the STOC process in a tem-
perature tuned q-plate to achieve an easy, fast and con-
tinuous control on the transverse modes of a laser beam.
A particular Dove prism-based Sagnac polarizing inter-
ferometric configuration allowed us to generate with ef-
ficiency higher than 90% arbitrary combinations of LG2
modes in the o2 subspace, by changing the polarization
of the input TEM00 linearly polarized laser beam. When
5closed paths are described on the SAM Poincare´ sphere,
identical closed path are described on the OAM Poincare´
sphere and the resulting Pancharatnam geometric phase
is transferred with no change from the SAM to the OAM
degree of freedom. Our apparatus can work even in the
single-photon regime, so we think it could be useful in
many classical and quantum optics applications, where
easy, fast and continuous manipulation of OAM is neces-
sary.
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